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Answer ALL Questions.
l. @) i) Let T be the linear operator &' which is represented in the standard ordered
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basis by the matr|x8 3 . Prove that T is diagonalizable by exhibiting a
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basis oR®, each vector of which is a characteristic vecforF.o

Or
i) Let T be a linear operator on a finiienensional vector space V. Let
C.,C, ...c be the distinct characteristic values of T andAgte the null space of
(T< I). If the characteristic polynomial for T is (x—¢)*(x—c,)%...(x—¢, )%,
dimwW=d,, i=1, 2... k then prove that dim \¢imW, + dimW, + ...+ dim\\, (5)

b) i) Let T be a linear operator on a finitendnsional vector space V. Prove that the
minimal polynomial for T divides thlaracteristic polynomial for T.
Or
i) Let V be a finite dimensional vectorage over F and T be a linear operator on V
then prove that T is diagonalizalblend only if the minimal polynomial for T has
the form p&-c)(x-c,)...(x—c,) wherec,,c, ...c, are distinct elements of F.  (15)

Il. @) i) Define independent subspaces of a vexpace V.
ii) Let V be a finite dimensional vecpace. LeW,,W,,..W, be independent .
subspaces of V and Wt=W, +W, +..W, .Then prove that for each2< j <k,
W, (W, +W, +...+W,_,)= {0} (2+3)
Or
iii) Let T be a linear operator on a findenensional vector space V and let
E, E,...E, are linear operators on V such that 1) e&gis a projection
2FE =0 ifiz]j 3) 1 =E+E,+..E and letWis the range o . If each
W is invariant under T then prove thaEI=E T, i=1,2 .. k (5)
b) i) State and prove primary decompositiogntem.
Or
ii) Leta be any non-zero vector in V ang pe the T-annihilator ofr . Then
prove that if deg, =k and if U is the linear operator on&(T) induced by T,

then k=dim Z{ ;T) and the minimal polynomial for U is_p (15)

[ll. @) i) If T is a linear operator on a finiterdensional vector space V, then prove that
every T-admissible subspace has gt@amentary subspace which is also
invariant under T.

Or
2 0
i) LetA= | a 2 be the complex 3X3 matrix. Prove that A is simitar
b ¢ -
diagonal matrix if and only if a=0. 5)

b) i) State and prove Generalized Cayley-H@amitheorem.
Or




ii) Let T be a linear operator on a finiienensional vector space V and Vi
be a proper T-admissible subspace of V. Thienepthat there exist non-zero
vectorsa,,a, ...a,in V with respective T-annihilatorg,, p,,...p, such that

V=W, 0Z(a;T)OZ(a,T)...0Z (@, ;T)and p, divides p,_,, k=2,3 ... r. (15)

IV. a) i) Let V be a finite dimensional inner pradispace and f a form on V. Then
prove that there is a unique operdton V such that fd, 8)=(Ta/ B) for all
a,f inV where @/ ) is the inner product defined on V.

Or
i) Let V be a complex vector space and f a formMo Then prove that f is
hermitian if and only if f&,a ) is real for everyo . 5)

1 ' . .
b) i) Let A{ _ ;]and let g be the form defined by g(X,Yy=AX . Is g an inner
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product?
i) State and prove Principle Axis thexor. (6+9)
Or

iif) Let f be a form on a real or compheector space V an{ial,az,...,ar} a basis
for the finite dimensional subspd¢ef V. Let M be the rxr matrix with
entrie!, = f(a,,a;)and W the set of all vector@in V such that
f@,)=0 for alla LUW. Then prove that Wis a subspace of V and

W nW'={0} if and only if M is invertible and when this the case
V=W+W. (15)

V. a) i) Let V be a vector space over the fieldEfine a bilinear form f on V and
prove that the function defined yf 8) =L ,(a) L ,(a)is bilinear.
Or
i) State and prove polarization idegntdar symmetric bilinear form f. (5)
b) i) Let V be a finite dimensional vectomasp over the field of complex numbers.
Let f be a symmetric bilinear formdrwhich has rank r. Then prove that there
is an ordered ba$is={ S, 5,,...5,} for V such that the matrix of f in the

1, j:1,2,..}

ordered basis B is diagonal angf ;) Z{O o
-

Or
ii) If f is a non-zero skew-symmetric bilinear foron a finite dimensional vector
space V then prove that there exishidéefisequence of pairs of
vectorda,, B,),(@,,5,),...@, .5 )with the following properties:

1)fe;,6)=1,j=1.2,... .k

2)t@,a)=t(5.5)=F(a,5)=0, i#].

3) Ifw, is the two dimensional subspace spannedgnd £, , then
VAN OW, 0. W, OW,whereW,is orthogonal to alr; and S, and the
restriction of f t&\ is the zero form. (15)
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